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Application of Hypersingular Integral Equation Method to a

Three-Dimensional Crack in Piezoelectric Materials*

Taiyan QIN™ and Nao-Aki NODA™**

Using the Green’s functions, the general solutions of a three-dimensional crack prob-
lem in piezoelectric materials under mechanical and electrical loads is derived by boundary
element method. Then this crack problem is reduced to solve a set of hypersingular inte-
gral equations coupled with boundary integral equations. The unknown functions are the
discontinuities of the elastic displacements and electrical potential of the crack surface. The
singularity of the unknowns at the crack front is analyzed by the main-part analysis method
of two-dimensional hypersingular integral equations, and the exact analytical solution of the
singular stresses and electrical displacements near the crack front in a transversely isotropic

piezoelectric solid is given.
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1. Introduction

The piezoelectric materials have coupled effects be-
tween the elastic and the electric fields, and have become
of major interest as the functional materials such as actu-
ators and sensors. It is possible to make a system of intel-
ligent composite materials by combining these piezoelec-
tric materials with structural materials. On the other hand,
both electrical and mechanical disturbances are present in
piezoelectric components, and the strength of the piezo-
electric materials is weakened by the presence of defects
such as voids and cracks. The reliability of these struc-
tures depends on the knowledge of applied mechanical
and electric disturbances. When cracks are present, they
may grow under service load and affect the performance
of structures. Due to the disadvantage of brittleness and
low fracture toughness of piezoelectric materials, a con-
siderable number of research works have been carried out
to investigate the fracture behavior) (4,

Because of mathematical difficulties to treat the cou-
pled electromechanical fields in piezoelectricity, the ma-
jority of the literature concerning crack problems is based
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on two-dimensional assumptions. Comparatively, few
exact solutions are available in the literature for three-
dimensional crack problems in piezoelectric materials. A
solution of a penny-shaped impermeable crack subjected
to axisymmetric tensile loading was derived by Wang!'>
using a proposed general potential function approach. Us-
ing two potential functions, Wang and Huang'®) obtained
the solution for an elliptical crack under uniform trac-
tions and electric disturbance, if the plane of transver-
sal isotropy is parallel to the crack. Chen and Shioya(!”
developed the complete and exact solutions of a penny-
shaped crack in a piezo-electric solid for shear loadings
by a potential theory. Closed-form solutions for other 3D
crack configurations in an infinite piezoelectric body are
yet to be found. Thus, to assess crack-like defects in piezo-
electric materials under combined mechanical and electric
loadings more efficiently, it is necessary to establish ap-
propriate numerical tools. There are two important numer-
ical methods. One is the finite element method (FEM), and
another is the boundary element method (BEM). Kuna
and Shang®:® have analyzed penny-shaped and ellipti-
cal cracks subjected to combined mechanical tension and
electric fields by FEM, and presented some numerical
results of the stress-intensity factors and energy release
rates. BEM is a powerful tool for the solution of field
problems of mathematical physics, since it offers some
inherent advantages over FEM, like the discretization of
the boundary only and an improved accuracy in flux cal-
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culations. Many publications have already been devoted
to the development of fundamental solutions and BEM
for piezoelectricity)- 1819 ‘but only a very limited num-
ber of them deals with three-dimensional analyses, due
to the problems involved resulting from the anisotropy of
piezoelectric materials. A 3D Green’s function for static
piezoelectricity and its derivatives have been presented
by Deeg'! for piezoelectrics of general anisotropy. Dy-
namic piezoelectric Green’s functions have been presented
by Norris® in the frequency domain and by Khutoryan-
sky and Sosa®”-2D in the time domain. For the partic-
ular case of transversely isotropic piezoelectricity, Dunn
and Wienecke®? for piezoelectrostatics, and Daros and
Antes®® for transient analysis developed simplified ex-
pressions for the Green’s functions. BEM for static piezo-
electricity with corresponding numerical results for 3D
analysis has been presented in 1995 by Chen and Lin®¥,
and in 1998 by Hill and Farris!'D.

The hypersingular integral equation based on the
body force method is a good analytic and numerical
method in fracture mechanics, and has been widely used
for fracture mechanics® -7 In this paper, the Green’s
functions are used to derive the general solutions of
a three-dimensional crack in piezoelectric materials un-
der mechanical and electrical loads by boundary element
method. The crack problem is reduced to solve a set of hy-
persingular integral equations coupled with boundary in-
tegral equations. The singularities of the elastic displace-
ments and electrical potential near the crack front are an-
alyzed by the main-part analysis method, and the exact
analytical solution of the singular stresses and electrical
fluxes are given.

2. Basic of Piezoelectricity

The linear governing equations and constitutive rela-
tions for a piezoelectric material in static equilibrium can
be expressed as two separate equations, one representing
conservation of momentum and the other conservation of
electric chargeV~®. To use these two equations in con-
junction with the developed boundary integral equation
method, they are combined into one. In these equations,
lowercase indices i can have values of 1, 2, or 3, and up-
percase indices / can take on values of 1, 2, 3, and 4. The
modified governing equation for the piezoelectric material
in static equilibrium can be written as("

2ii+b;=0 (D

where 2;; is the stress-electric displacement matrix, de-
fined as

Oij for J=j= 1,2,3
2=
D; for J=4
and by is the body load (force and charge) column vector.

A subscript comma denotes the partial differentiation. The
combined constitutive equation is written as

2
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2iy=EixiZx 3)
where E;k; is the electroelastic constant matrix
Cijkl for J,KZ 1,2,3
€lij for J= 1,2,3, K=4
Eiki= 4
€kl for J=4 K= 1,2,3’
—a; for J=4 K=4
and the strain-electric field matrix Zg; takes the form
gy for K=k=1,2,3
Zgi=
¢, for K=4

In addition, Uk is the elastic displacement-electric
potential matrix

{uk for K=k=1,2,3

&)

Uk = 6)

¢ for K=4
where u;, and ¢ are the elastic displacement and electric
potential, respectively.

3. Boundary Integral Equations for a Crack in Gen-
eral Piezoelectric Materials

3.1 Boundary condition of a crack surface

The mechanical boundary condition of cracks in
piezoelectric materials is always defined by stress-free
crack surfaces. Several electric boundary conditions were
proposed in literature. Among these electric boundary
conditions, two different conditions are applied widely.
Those are permeable and impermeable conditions. For the
first one, the normal electric displacement and electric po-
tential should be continuous across the crack surface

Dy=D; ¢'=¢~ (N
where the superscripts + and — denote the upper and lower
crack surfaces, respectively. This aspect has been sup-
ported by McMeeking'?, and Dunn®?. Pak®, and Suo,

et al.® proposed impermeable conditions on the crack
faces

Dy =D; = (8)

This paper presents an analysis for the crack prob-
lems in piezoelectric materials based on boundary condi-
tion (8).

3.2 General solutions for a crack in a three-
dimensional piezoelectric solid

Consider a flat crack S in a finite three-dimensional
piezoelectric solid. A fixed rectangular Cartesian system
x; (i=1,2,3) is used. The crack is assumed to be in the
x1x, plane, and normal to the x3 axis. Using the piezo-
electric form of the Somigliana identity, the elastic dis-
placements and the electric potential at an interior point p
are expressed as!! D

Uip)= - f T1s(p. QU AQ)d5(0)
r
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" fr Uss(p. QT /(Q)ds(Q)
- [ w0 @s@)
" fS . Un(p.Q)T/(Q)s(Q)

" fg Uns(p, Ob,(Q)dAQ) 1,7=1,2,3.4
©)

where Q is the domain occupied by the piezoelectric solid,
I' is the external boundary, 7', are the elastic tractions and
normal charge flux densities on the boundary, U, and T,
are the fundamental solutions of the piezoelectric material
and related Green’s function as follows!!

UnE-x)=GrE—-x) (10)

oG -X
T1(E ) = By gy e (an
0&y
tj=0m for J=j= 1,2,3
T;= (12)
q:Dlnl for J=4

Note that the elastic displacement and electric poten-
tial discontinuities are written as

) ij=u;—u; for J=j=1,2,3
U,=1 (13)
dp=¢*—¢~ for J=4

Using the relations 77,(p,Q%) = ~T1,(p,Q7) = T},(p,Q)
and Uy, (p,0%)=U;(p,Q7), the elastic displacements and
the electric potential (9) can be rewritten as

Uip)= - fr T1s(p. QU (Q)ds(Q)
" fr Uss(p. O)T(Q)ds(Q)
- fs (. QU AQ(©)

" fg Uss(p, O)b5(Q)dAQ)
1,J=1,23,4 (14)

Using solution (14) and constitutive Eq. (3), the corre-
sponding stress and electric displacements are expressed
as

2iu(p)= —erKiJ(P»Q)UK(Q)dS(Q)
; fr Dris(p. Q) T(Q)ds(Q)
- [ Skt 0085

" fg Diis(p. Qbx(Q)2AQ) (15)

where the integral kernels are as follows
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S kir(p, Q) =Eijmn w =—Eijmn W%QPQ)
' ,(116)

Dkis(p, Q) =Eismn W =—Eimn WMaK—;p’Q)
" (17)

3.3 Boundary integral equations

For a finite piezoelectric solid with an embedded flat
crack, there are two parts of boundary. One is the external
boundary I, and another is the crack surface S *. Using the
boundary conditions, the boundary integral equation and
hypersingular integral equations can be obtained. Let the
source point p be taken to the boundary I and represented
by P, the boundary integral equation can be derived from
Eq. (14) as follows

CIJUJ(P)"'fFTIJ(RQ)UJ(Q)dS(Q)
. fs Ti(P.00/QO)
- fr U(P.OT/(Q)ds(0)

+ L Uy(P,O)by(Q)dAQ)  Pel’ (18)

where Cy; is the constant related to the boundary point P,
which is not evaluated directly.

Using the elastic and electric boundary conditions of
the crack surface, the hypersingular integral equations can
be obtained as

jg Sku(P.OUK(Q)ds(Q)
+erKiJ(Pa OUk(Q)ds(Q)
- fr Diis(P.O)T(Q)ds(Q)

+ fg Dkis(P,Q)bx(Q)dAQ) PeS™ 19)

where j@ means that the integral must be interpreted as a
finite-part integral. The first integral in Eq. (19) has the
order =3, and is a hypersingular one. Solving Egs. (18)
and (19), all the unknowns can be obtained.

4. A Crack in an Infinite Transversely Isotropic
Piezoelectric Solid

Consider a flat crack embedded in an infinite trans-
versely isotropic piezoelectric solid. Suppose that the
crack surface is parallel to the symmetric plane (e.g. x;x,
plane), and there are no body forces and charge. For the
transversely isotropic piezoelectric material, the electro-
elastic constants can be written as follows

Cijki = €120j011 + Co6(0ik 0 j1 + 0710 i)
+(c13 = €12)(6;j031031 + 63i03 j0k1)
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+ (a4 — C66)(0 j103i031 + 0103031 + 6103 j03k
+0j103i03k) + (11 + €33 — 2¢13 — 4€44)03i03 j03103;

(20)

ejij = 310,03+ e15(0;103; + 6 103;)
+(e33 —c31 —2€15)03i03;03 (21
aj; = a6 +(as; —a)o3i03 (22)

here ce6 = (c11 —c12)/2.
4.1 Green’s solution
For transversely isotropic piezoelectric, Green’s func-
tion can be written as an explicit expression. Here we use
the solutions given by Dunn and Wienecke®® by a poten-
tial method. The governing equations are expressed as

2 (& 2 4 oy
up = {(013815 _C44e31)6x18x3 [6_x% + 6_x§)+ [(caa +c13)e33 —c33(e15 +€31)]m}9— o
M2={(C13€15—C44€31)%;%(%+é)+[(044+613)€33—033(€15 +€31)]$;§}9+3—z
2 2y ;i @)
M3:{_Cnels(6_x%+6_x§) _6446338_)53‘+[613(815+631)+C44e31_611633]6_)%[8_x%+8_x§)}g
> P2V 4 , P (P &
¢={c44cll(6_xf+6_x§) +C44C333—x§+(611€33—2644013_013)6_)%[3_)6%"'@)}g
where the potentials g and ¢ must satisfy following equations:
# F 1P P 1PN P 1P
S ATl (i v g e O o
(2218, .
ax% ax% v(z) 8x§
here vo = Vcee/cas, and —=1/v3, —1/v3, —1/v? are the roots of the following cubic equation
s3+%s2+gs+§=0 (26)
where
a=cri(ac33+2e15e33) —apci3(ci3 +2cas) + cas(azscry +€3,) —2ersciz(es) +eys)
b=caslaricas +azscrr +es1(esr +eis)] —cizasz(ciz +2ca4) + (e15 + e31)(caze1s —2c13e33)
+e33(cr1e33 —2caq€31) (27)

c=culazess+e3;)
d=cyi(ajjcau+ely)
If the above Eqgs. (24) and (25) are solved for a point charge
solutions u; and ¢.
4.1.1 Point force charge
potential at point x(x1,x;,x3) can be expressed as

3 x1—¢&
=Y A
23] ; i R,R;k
3 X _‘;’:2
=Y A2
up ,:Zf i Rle
iA P
Ur = P L
3 & i lRi
3 4 1
= AA J—
b=Y Al

where
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or force, the Green’s functions can be obtained from the

For a unit point charge at point &(&1,£,,£3), the elastic displacements and electric

(28)

JSME International Journal



Ri= \J(xi—&)2+ (-8 +2)
R =R;+z i=0,1,2,3 (29)
zi=vi(x3—-&3)
A=[(c13+cas)ess —cx(ers + ez
+(case3r —cr3e15)vi

_ 4
AP = —cqez3v; —[esi(c13 +caq) —esscn
2
+eiscizlvi —crers

¢ 4 2
A7 =cazeqv; ez +2ca4) —cri¢33]v; +caucny
(30)

and A; is determined by following equations

3

ZAM? =

3 ne
21 " a3
3 ne 1
; _

vl2 271’

here
18 = 2[A4(c13 + caav?) +vid¥(cas — c33)
+ v,-/lf’(els —e33)]

(32)
né =2[-A(e31 +e15v?) +vid¥(ex3 —eis)

+vidl(ay —az)]
4.1.2 Point force in x3-direction For a unit
point force in x;-direction at point £(£1,£2,£3), the elastic

displacements and electric potential at point x(x, x,x3) is
expressed as

ZB/l

e ’RR*

3
up =) Bidi ——=
; RiRl'
(33)

4.2 Hypersingular integral equations

177

where B; satisfies following equations

4

3
2. Bidj =
i=1
3 n¢ 1
Bi——=— 34
2B (34)
3 n¢
2, Bi5—==0
=1 Vi~
.1.3 Point force in x;-direction For a unit

point force in x;-direction at point &£(&1,£,,&3), the elastic
displacements and electric potential at point x(x, X2, x3) is
expressed as

1 —&P| 3 1
u =Dyl - (n 522) _y D = G f;)
Ry ROR* i=1 RR*
1
up =(x1 = &1)(x2—&2)| Do +ZD —
RO i=1 RR*
3 (x1—&1)
=3 D"
3 Z "RE
(1 =&
D;A?
9= Z i RR*
(35)
where D; satisfies
3
Dyvy+ Z Divi/l? =0
3 i=1
ZD,/].;UZO
5 (36)
Y. Did] =
i=1
3 nt 1
D +3 D= —
0V0C44 ; 21"

here

P 2
n; =vidi(caa—c11) + A (Cas + 13V )+/1?(€15 +e31v;)

(37

For the transversely isotropic piezoelectric solid embedded a flat crack in the symmetric plane, the hypersingular

integral Eq. (19) can be reduced to,

1
j( ﬁ[cLDové(zéaﬁ—3r,ar,ﬁ)+kn(6aﬁ—Srﬂrﬁ)]ﬁﬁ(Q)ds(Q)=—pa(P) afB=12; PeS* (38)
S+

k ~
jg S i(Q)ds(Q)+ f S HQus(Q)=-ps(P) PeS*

k -
{200+ HEH0s@=-aP) Pes’

where p;(P) and go(P) represent the mechanical and electrical loads on the crack surface due to internal or external loads,
and they can obtained from the solution for the loads of the uncracked solid, and k;; is determined as
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3
ki = ZZI[C44(AI‘ +Dv;)+e15B;]
X [16_44(1/1‘/1? + /liu) + 315/1?]
3
k33 = ZZI(C33AZ‘V1' + 333Bivi - C13Di)
X (l:clg/l:.‘ +c33vid + ‘333‘/1‘/1?)
3
k3s = Z(e33Aiv,- —a3Bivi—e31D;)
Z 41)
X(—C]3/l? +C33Vi/1?}+€33vl‘/l?)
3
k43 = Z(c33Aiv,- + 333Bivi - C13Di)
X (1:1631/1? + 633Vi/1;-u - 033Vi/1?)
3
kgs = 2(6331451/1' —ayByvi—e31D;)
X (l:le31/l;‘ +e33vid! —asz Viﬂ?)

4.3 Singularity and singular stress and electric dis-
placement field near the crack front
In order to investigate the singularity of the crack
front, consider a local coordinate system defined as
x1 x» x3. The x;-axis is the tangent line of the crack front
at point (g, xp-axis is the internal normal line in the rack
plane, and xj3 is the normal of the crack. Then the displace-
ment and electric potential discontinuities of the crack sur-
face near a crack front point Qy can be assumed as

1(Q)=gi(Q0)&"  H(Q)=P(Q)é;' O<Re(l)<1
(42)
where gr(Qo) and @(Qy) are non-zero constants related
to point Qy, Ak is the singular index at the crack front.
Consider a small semi-circle domain S, on the crack sur-
face including point Qp using the main-part analytical
method®® 7 the following relations can be derived

£ %dfldfz = —27r/llg1(Q0)x§'_1 cot(jm)  (43)

’ 2
© il rfl) it dé, d§2=—§ﬂ/1191(Qo)x2 “eot(A,7)
(44)
_E) 4
%ﬁzdf 1dér = —gmlzgz(Qo)xgz_l cot(Ay7)
Se

(45)

Fig. 1 A small semi-circle domain S . on the crack surface
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j( (XI_é:l)gxz_é:Z)ﬁldfldngO 46)

r

j[ %df 1dér = —27r/13g3(Q0)x§3_1 cot(A3m) 47)

&

j( %dfldfz = 2l D(Qo)x cot(um)  (48)

&

Using above relations, from Egs. (38)—(40), it can be

shown that

cot(A;1)=0 cot(Aym)=0 cot(A371)=0 cot(dym)=0

(49)
Then the singular indexes is obtained as
1

/11:/12=/13:/l4=/l=§ (50)

It is shown that the singularities near the crack front
in a piezoelectric solid are the same as that in a general ho-
mogenous material. The mechanical stress intensity fac-

tors corresponding to the crack modes I, IT and III as well
as the “electric field intensity factor” Kyy are defined as

K= 111130'33(", )0 V2r Kjr= lin(}(ﬁz(h 0)g=0 V2r

Ky =1imos: (r.0)p=0 V2r Kpy =1im Ds(r,0)p-0 V2
(51)

where r is the distance from point p to the crack front point
Qo as shown in Fig. 1. Considering relation Eq. (42), for a
point p near the crack front, the following relations can be
obtained by using the main-part analytical method.

1 3(xy — &)
fsg R3(1_ ‘ROI )ld&d&eo (52)

3(x—&)?

1 —
f F[l_ R2
Se o 0

}ﬁldfldfz

TV Rz (53)
fssRié(lfﬁf) 1461d8 _”gl(v_Qw\lF G
fnglB - ;:2)2} fydé dé, Y

z”%(\/go)%/_ HE j=1.23 (55)

(56)
f%%sz&) fi3dédéy = — ”93(\/90)\/1_ . %
(57)

where ry = {[/cos20+12sin*6, 6y = tg~ (votgh), rjei =

cos@ +iv;sinf, and i is the imaginary unit V-1. Using
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relations Eqs. (52) — (57), the singular stresses and electric
displacement around the crack front can be expressed as

follows
mg1(Qo) 1 )
o13=c2,Dov} \F T 0s = (58)
S 7g2(Qo)
i
r 3
— AY + D(Q)A Ty — sin = (59
\/;l; [95(Q0)A; (Q0)A; ly{ \/—Sln £ (59)
792(00) & ww 1 . 6
= 1920 S puw © s Tt
o33 r l; ! \/r—,-st
Vs 3 w ¢ 1
——2[93(Q0)A,- +D(Q)A; 1yy —COS— (60)
v
792(Q0) & o 1 9
D3 =- ZAI%
VF i
-— Z[gs(Qo)A’“+®(Qo)A¢]7, —cos— (61)
ri=1 \/_
here
AY=ca(Ai+Divi)+eisB;
AY =c33Avi+ex3Byvi—ci3D; (62)

A? =ex3Avi—azByvi—e; D;
’y? = C44(Vi/l? + /liu) + 615/1?

'y:” :c13/l?—C33Vi/l;U—e33Vi/l? (63)

¢ _ ¢
v = e31 A7 —ex3 vy +az3vid;

Using relations Eq. (51), the above singular stresses
and electric displacement can be rewritten as

013=%%c059—20 (64)
3= L 1@+ L @)+ 2 f0)  (65)
V2r V2r V2r
o= %fgl @+ %fsz(@) + %fw) (66)
Ds= %fu(@) - %ﬁtz(@) + %fme) (67)
where

) 1 .6
f1(0)= mz: (kaaAY —ka3 A7)y! N
(68)

o 1 0;
f2(0)=— ZA % 7 cos > (69)
1 o a1 .
fra(0)= W Z (k33 A} —k34AY)y; Tr_z sin
(70)
1 o w 1 0;
f10) = mz (kag A7 —k43AT)y} NG cos =

(71)
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f32(0)=— oy 2 ZA"7/1§” \/_ (72)
Fua(0) = WZ(@A —k3 A )y \j_icos%
(73)
fu(®)= ;Z(km ks ALy = cos &
(k3zkas —k3sks3) 1= SN2
(74)
0;

f42(‘9)——2A” —181113 (75)
faa(0)= ;Z(kw‘\w k33 AD)y! —COSQ

(k3skaa—kaakaz )5 v/
(76)

Other singular stresses and electric displacements
near point Oy can also be obtained by use of above
method. It is shown that, for the transversely isotropic
piezoelectric materials, the crack mode I is not indepen-
dent. That is, the mechanical stress intensity factor Kj is
coupled with the “electric field intensity factor” Kjy.

5. Conclusion

A set of hypersingular integral equations coupled
with general boundary integral equations for an imperme-
able crack in a three-dimensional piezoelectric solid sub-
jected to mechanical and electrical loads is derived by a
boundary element method. The unknowns are the discon-
tinuities of the elastic displacements and electrical poten-
tial of the crack surface. The behaviors of the unknowns
near the crack front are analyzed by the main-part analyt-
ical method of hypersingular singular integral equations,
and the singular orders are given. It is shown that the
singularities of the elastic stresses and electric displace-
ment near the crack front in a piezoelectric solid are sim-
ilar as that in a general homogenous material. Moreover,
the singular stresses and electrical displacements near the
crack front in a transversely isotropic piezoelectric solid
can be obtained by main-part analytical method of two-
dimensional hypersingular integral equations.

For an infinite transversely isotropic piezoelectric
solid, it is shown that the crack mode II is coupled with
mode III, and the crack mode I is also not independent.
That is, the mechanical stress intensity factor K is cou-
pled with the “electric field intensity factor” Kiy.
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